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The Euler class in the Simplicial 
de Rham Complex 

Naoya Suzuki 


Abstract 

We exhibit a cocycle in the simplicial de Rham complex which 
represents the Euler class. As an application, we construct a Lie 
algebra cocycle on Lso(4). 


1 Introduction 

For any Lie group G, we can define a simplicial manifold {iVG(*)} and a 
double complex f 1*(NG(*)) on it. In classical theory, it is well-known that 
the cohomology ring of the total complex Q*(NG) is isomorphic to H*(BG) 
where BG is a classifying space of G, which is not a manifold in general [2] 

00. 

In [ 3 ], Dupont introduced another double complex A* , *(NG) on NG such 
that the cohomology ring of its total complex A*(NG ) is also isomorphic 
to H*(BG). He used it to construct a homomorphism from I*(G), the G- 
invariant polynomial ring over Lie algebra Q, to H*(BG). By using Dupont’s 
method, in [8j the author exhibited cocycles in Q*(NG) which represent the 
Chern characters. In this paper, we will exhibit cocycles which represent the 
Euler classes. 

Using a cocycle in Ll*(NG), we can construct a cocycle in the local trun¬ 
cated complex [cr <p D 1 * oc (A r G)] due to Brylinski [3]. Furthermore, we can 
obtain a Lie algebra cocyclc of a free loop group LG. Following Brylinski’s 
idea, we will construct a Lie algebra 2-cocycle on Lso(4) using a cocycle in 
D 4 (ALSO (4)). 
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2 Review of the universal Chern-Weil Theory 

In this section we recall the universal Chern-Weil theory following [5], For 
any Lie group G, we have simplicial manifolds NG, NG and simplicial G- 
bundle 7 : NG —> NG as follows: 

q+\—times 

NG(q) = G x ■ • • x G 3 (g±, • • • , g q +\) 

q—times 

NG(q) = G x x G 3 (h u - ■ ■ , h q ) : 
face operators £, : NG(q) -3 NG(q — 1) 

{ O2,-" ,h q ) 

(hi 1 , /ij/ij-|_l, ) hq 

(hi, ; hq— 1) 

We define 7 : NG -3 NG as 7 (^ 0 , ■ • • , 9 q ) = (^ 0 ^ 1 _1 , • ■ ■ , 9 q -i9 q ~ x )- 

For any simplicial manifold X = {V*}, we can associate a topological 
space || X || called the fat realization. It is well-known that || 7 || is the 
universal bundle EG —* BG [7]. 

Now we introduce a double complex associated to a simplicial manifold. 

Definition 2.1. For any simplicial manifold {X*} with face operators {£*}, 
we define a double complex as follows: 

fF’"(X) := fl q (X p ) 

Derivatives are: 

p +1 

d! := ^^(—l)*e*, d" := (—l) p x the exterior differential on 0 *(X p ). 

i =0 

For NG and NG the following holds [2j [5] [ 6 j. 

Theorem 2.1. There exist ring isomorphisms 

H(CT(NG)) = H*(EG), H(Q*(NG)) = H*(BG). 

Here Q*(NG) and Q*(NG) mean the total complexes. 


i = 0 

) i = I,-" ,9~ 1 

i = q. 
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There is another double complex associated to a simplicial manifold. 

Definition 2.2 (j3]). A simplicial n-forrn on a simplicial manifold {X p } is a 
sequence of n-forms (fd>) on A p x X p such that 

(e* x id) *0 (p) = (id x on A p_1 x X p . 

Here e l is the canonical z-th face operator of A p . 

Let A k,l (X) be the set of all simplicial (k + /)-forms on A p x X p which 
are expressed locally of the form 

y: a ii-i k ji-ji(dth A • • • A dt ik A dx h A • • • A dx jt ) 

where (t 0 ,ti , ■■■ , £ p ) are the barycentric coordinates in A p and are the 
local coordinates in A p . We define derivatives as: 

d! := the exterior differential on AF 
d" := (-l) fc x the exterior differential on X p . 

Then (A k ’ l (X),d',d") is a double complex and the following theorem holds. 

Theorem 2.2 (pEj). Let A*(X) denote the total complex of A*’*(X). A map 
/a : A*(X ) —> Q*(X) defined as 7a( a) := / AP (a| a p v y^ ) %7i/duces a natui al 
ring isomorphism I A : H(A*(X)) = H(Q*(X)). 

Let Q denote the Lie algebra of G. A connection on a simplicial G-bundle 
7 T : {E p } —> {M p } is a sequence of 1-forms { 9 } on {E p } with coefficients Q 
such that 6 restricted to A p x E p is a usual connection form. 

There is a canonical connection 6 G A 1 (NG) on 7 : NG — y NG dehned 
as follows: 

@\apxNG(p) := to@0 + ‘ + t p 9p. 

Here 9i is defined as 0,; = pr*$ where prj : A p x NG(p) —> G is the 
projection into the (z + l)-th factor of NG(p) and 9 is the Maurer-Cartan 
form of G. We obtain also its curvature 72 G A 2 (NG) on 7 as: 

^IapxJVGCp) — d9\ A p xN Q(p) + ~[9 \apxNG(p)i0\apxNG(p)]- 

Let I*(G) denote the ring of G-invariant polynomials on Q. For P G 
I k (G), we restrict P(f2) G A 2k (NG ) to each A p x NG(p) and apply the usual 
Chern-Weil theory then we have I A (P(Q)) G Ll 2k (NG). In this way we have a 
homomorphism I*(G) —* H(Q*(NG )) which maps P G 7*(G) to [7 A (.P(7}))]. 
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3 The Euler class in the double complex 

In this section we exhibit a cocycle in Q*(NSO(2p)) which represents the 
Euler class of the universal bundle ESO(2p) —>■ BSO(2p). Throughout this 
section, G means SO(2p). 

Recall that the polynomial on so(2p) called Pfaffian is defined as follows: 
Pf(A • • • > A ) = S § n ( T ) a ' r (l)' r (2) • • • «r(2 P -l)r(2 P ). 

tS6 2 P 

Here a l} is a (i,j) entry of A e so(2p). 


3.1 The cochain on the edge 

We first give the cochain in f] 2p+1 (IVG'(l)) which corresponds to the Eu¬ 
ler class. This is given by integrating Pf (^IaixjvgR)) along A 1 . Since 
^Iaixjvg(i) = ~dti A (9 0 - 0i) - toh(0o - 0i) 2 , we can see Pf (n| A i X jvG(i)) is 
equal to 

2 2p 1 Jl P J \ S § n (^”)(( dt\ A (0 O 01) *0*1(00 0l) 2 )r(l)r(2) 

r£&2m 

■ ■ ■ (—dti A (00 — 01) — *0*1 (0ff — 0l) 2 )r(2p—l)r(2p))• 

We set: 

Pr := (00 - 0l)r(l)r(2) ’ ’ ‘(00 “ 01 )r(2fc-3)r(2fe-2) (00 “ 0l)r(2fc-l)r(2fe) 

(00 0l)r(2fc+l)r(2fc+2) (00 0l)r(2p— l)r(2p)' 

Then the following equation holds. 

J A PHnu>xNGm) = (~ir^^ (J\tot 1 r 1 dt^ y; x>gnw t*. 

TG©2p fc—1 

Now we obtain the cochain in n 2p_1 (./VG(l)). 

Proposition 3.1. The cochain p p in Q 2p ~ 1 (NG( 1)) which corresponds to the 
Euler class is given as follows: 


/A 


(-l) p 


1 1 

2 2p n p p\ 2 p-iC p -i ■ p 


V X>gn(r)f* 

t£& 2p fc=1 
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Here P p is defined as: 


Pr-=(h 1 dh) 2 T{l)T{2 yih l dhf T{2k _ S)T{2k _ 2) (h 1 dh) r{2k _ 1)T(2k) 

(h 1 dh)l( 2k+1 y( 2k+2 y ■ ■ (h 1 ^-)r(2p-l)r(2p)- 


Proof. This follows from the equation 
7* £ sgn (T)Pi = £ sgn(T)P r ‘. 

re&2p r£@2p 


(topy l dt i = 


2p— \Cp— 1 " P 


and 


□ 


As a special case of Proposition 3.1, we obtain the following theorem. 

Theorem 3.1. In the case of G = SO(2), the cocycle Td,i in Et 2 {NG) which 
represents the Euler class of ESO{2) —> BSO( 2) is given as follows: 

E 1 ! = 2-{-{h~Hh) 12 + {h~ l dh) 21 ) e fl 1 (S'0(2)). 

47T 

If we write an element h in SO (2) as 


then the equation 


holds, so we obtain 


h 


( cos 9 — sin 9 
y sin 9 cos 9 


h 1 dh 


( 0 -d9\ 

\d9 0 ) 


E 


1,1 — 



d9_ 

2tt' 


3.2 The cochain in Q p (NG(p)) 

V 

In Q p (NG(p)), 0|apxjvg(p) is equal to - ^ dtiA(9 0 -9i)~ ^ t i t j (9 i -9 j ) 2 , 

i= 1 0<i<j<p 

so the cochain J AP Pf(n| APxiV( 5 ( p )) iu H p (NG(p ))which corresponds to the 
Euler class is given as follows: 

l p p 

]T sgn(r)(- J2dtM9o-9 t )) T{l)T{2 y ■ ■ (- ^ A (^-^)) r{2p _ 1)r{2p) - 

tG6 2v i=l i =1 
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Now 


dti A (0 O — Of) — dti A {(0 O — 0i) + (0i — 02) + • • • + (0*-i — 0*)} 

and for any differential forms a , /5, 7 and any integer 0 < k,l,x < p, the 
equation a A (dti A (0 X - 0*+i) T (2fc-i)T(2fc) ) A/3 A (dtj A (0 X - 0 a ,+ 1 ) T (2t- 1 )T(2O ) Ay = 
Cl A (dtj A (0 X 0x+l )r(2fc—l)r(2fc)) A /? A (dt j A (0 X 0 x +l )r(2Z—l)r(2i) ) A 7 holds, 
so the terms of these forms cancel with each other in Pf(Q| ap x /vg(p))- 
We set: 

(p s := hi ■ ■ ■ hg-idhgh - 1 ■ ■ ■ h {' 1 . 

Then we can check that 7 *<£> s = gi(0 s _i—d.Jgh 1 hence we obtain the following 
proposition. 

Proposition 3.2. The cochain p p in Vt p (NG(p)) which corresponds to the 
Euler class is given as follows: 

dp = 2 2 Ptt'P(v\) 2 S S n ( T ) S S n ( cr )( < do'(l))r(l)r(2) ‘ ‘ ‘ (V 7 cr(p))r(2p-l)r(2p)- 

' ' cr£&p r£& 2 p 


Using Proposition 3.1 and Proposition 3.2, we obtain the cocycle which 
represents the Euler class of ESO( 4) —> BSO( 4) in Q 4 (./V50(4)). 

Theorem 3.2. In the case of G = 50(4), the cocycle which represents the 
Euler class of ESO( 4) —> BSO( 4) m ft 4 (iVO) is the sum of the following 
E\'i and E 2}2 : 

0 

d” 

E h3 e U 3 (50(4)) U 3 (50(4) x 50(4)) 

d" 

E 2 ,2 e U 2 (50(4) x 50(4)) —0 


E 


1,3 


I 

192t r 2 


^sgn(r)((h 4 dh) r(l)r(2)(h dh) T ( 3) t ( 4 ) 
TGS 4 


+ (h 1 dh) 2 (1)r(2) (h 1 dh) r(3)T(4 )) 
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_ 2 _ 

E-2,2 = S S n (' r ) ((^r lrf ^l)-r(l) t(2)(^2/12 1 )t(3)t(4) 

tG©4 

+ (■ dJl2h 2 1 )r(l)r(2)(^l 1 ^l)r(3)r(4) ) • 

3.3 The cocycle in Q p+q (NG(p — q)) 

Repeating the same argument in section 3.2, we obtain a cocycle in H p+q (NG(p— 
<?))• 

We set: 

Rij ■= {Vi + V’i+i H-1- <Pj- 1 ) 2 (1 < i < j < P ~ q + 1). 

Theorem 3.3. The cocycle in Q p+q (NG(p — q)) (0 < q < p — 1) which 
represents the Euler class of ESO(2p) —» BSO(2p ) zs 

^ 1 ^ ] (-^p,’q (Riiji )r(l)r(2) (7V(1))r(3)r(4) 

crG@p-q,r£& 2 p 

(Riqjq)T(2p-3)T(2p-2) (W(p-g) )r(2p-l)r(2p) ) 

where R, tJ (1 < i < j < p — q + 1) are put q-times between and p a (i+ 1 ) 
or the edge in tp a (i) • • • <p a (p- q ) permitting overlaps and Y means the sum of 
all such forms. Tf’f is defined as: 

T p,q = sgn(r)sgn((r)-- dfi A • • • A 

where r t] means the number of R. l3 in each form. 

Theorem 3.4. In the case of G = SO(6), the cocycle which represents the 
Eider class in Q 6 (NG) is the sum of the following E iFj . E 2 ^ and E 3 , 3 : 

0 

d" 

Ei, 5 e fi 5 (G) n 5 (NG(2)) 

d" 

E 2 , 4 e fi 4 (EG(2)) n 4 (NG(3)) 

d" 

e 3 ,3 e n 3 (NG(3)) ———> 0 
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_ 2 _ 

-^1,5 — 26 1807T 3 ^ ^ S S n ( T ) ((^ did) r(l)r(2) ^)r(3)r(4) dh) T ( 5)r(6) 

rS6 6 

~j- (/i dfl) T (\^ T ( 2 ){h dh^ T ^ T (j^{Jl C^/i)r(5)r(6) 

+ (/?. l dh) T [i) T [2){h 1 rf/l) T ( 3 ) T (4)(/?. 1 C?^)r(5)r( 6 )) 

B2 ' 4 = 2 ° ■ 6 ~ 4!^ £ S S“M ' 

rG66 

^(/?1 f//?l) T (l) T (2)((i/i2^-2 )t(3)t(4) 

(^2/ij -1 dh\h{ 1 dh\ + 2dh 2 h2 1 dh 2 h2 1 + h^dhid^h^ 1 + dh 2 fi2 l h^ 1 dh\\ 

+ (/t7 1 <^i)r(i)r(2) (^h^dhih^dhi + 2dh 2 h^ 1 dh 2j li2 1 
T-hV 1 dhidh 2 h7 1 + dh 2 h7 1 h7 1 dh\) (dh 2 h7 1 ) t (5)t(6) 

/r(3)r(4) 

+ (2/ir 1 rf/ii/i7 1 c//ii + 2dh 2 h2 1 dh 2 h7 1 + h^dhidh^hd 1 + dh 2 h7 1 h7 1 dh \) 

V /r(l)r(2) 

(/^l rf/ii) T (3) r (4) (o?/i2^2 )t(5)t(6) 


(dh 2 h,2 )r(l)r( 2 ) (^1 dh^ )r( 3 )r( 4 ) 

21i^ 1 dhih^ 1 dh\ + 2dh 2 li2 1 dh-^^ 1 + h^ 1 dhidh 2 hd 1 + d^h^h^dhi) 

/ t(5)t(6) 

— (d/i2^2 1 )r(i)r(2) (^h^ 1 dhih^ 1 dhi + 2dh 2 h,2 1 dh 2 h2 1 
+h^ 1 dh 1 dh 2 h2 1 + dh^h^h^dhi ) (^r 1 ^-i)r(5)r(6) 

't( 3 )t( 4 ) 



— ( 2 h 1 1 dh\h 1 1 dhi + 2dh2h 2 L dh,2h 2 1 + h l l dh\dh,2h 2 1 + dli2h 2 L h 1 L dh\ 


-l u -1 i u-1ju ju j,- 1 i z.—l z,—l, 


r(l)r(2) 


(ci/i2^2 )r(3)r(4) (^l < ^^ - l)r(5)r(6) 


= £ sgn(r) ' 

TGS 6 

^(^1 dih 1 )r(l)r(2) (rf/^2^'2 )r(3)r(4) ^2 )r(5)r(6) 

—(dh 2 h 2 1 ) t(1)t(2) (^i dh^ )t(3)t(4) (h 2 dh^h^ h 2 )i-(5)t(6) 

(^1 ^i)t(1)t( 2)(^2^3^3 ^2 )r(3)r(4) (^^2^2 )r(5)r(6) 
-\-{ll 2 dh^hr! < h 2 )r(l)r(2) (^l ^^l)r(3)r(4) (^^2^2 )r(5)r(6) 

+ ( dh 2 1l 2 1 ) r (l)r(2)(^2^3^3 ^2 1 )r(3)r(4) (^1 1 ^l)r(5)r(6) 

(h 2 dh 3 h 3 h 2 )t(1)t(2) (dh 2 h 2 )t(3)t(4)(^i dh l)r(5)r(6) 


4 The cocycle in a local truncated complex 

We recall the filtered local simplicial de Rham complex due to Brylinski [[3|. 

Definition 4.1 (|3j). The filtered local simplicial de Rham complex F p fl*^*(NG) 
over a simplicial manifold iVG is defined as follows: 


F>n£(JVG) 


Ih^igv'cG" ft s (V) 
0 


if s > p 
otherwise. 


Let F P Q*(NG ) be a filtered complex 


F p Q r ’ s (NG ) 


if s > p 
0 otherwise 
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and [cr <p f2*(iVG)] a truncated complex 


[a <p fi r ’ s (iVG)] 


0 if s > p 

Q s (NG(r)) otherwise. 


Then there is an exact sequence: 

0 -> F P Q*(NG) -> Q*(NG) -> [a <p Q*(NG)] -> 0 

which induces a boundary map (3 : H l (NG, [cr <jo 0* oc ]) —> i/ z+1 (A^G, [F p f2j* oc ]). 

Let //! + •• • T Hp : i^p-q G Q p+q (NG(p — q )) be a cocycle in Q 2p (NG). Using 
this cocycle, we can construct a cocyclc p in [cr< p f2 1 * oc (iVG')] in the following 
way. 

We take a contractible open set U <Z G containing 1. Using the same 
argument in [5], we can construct mappings {cp : x U l — » U} 0 <z inductively 
with the following properties: 

( 1 ) cr 0 (pt) = 1 ; 

( 2 ) 


(^ 0 ? 5 tl — l) 5 ^1 5 5 

^ s _ 1 , ^- 1 ; %(^ 1 ) • 

pll • CT;_i(t 0 , • • • , i/-l! }>2 ■ 

■•,VD 

■ • • , /ij) 

if j 
if i 

> 1 

= 0 . 

We define mappings {f m , q 

: A q x ->• G m } as 




fm,q(t 0? j tqi ^ 1 ? 5 ^-m+g— l) • (^ 1 ? ? ^m— 1 ? ^g(^0> 

f ’ h 

5 L qi IL rm 

• ■ ,h 

m+g— 


A (2 p-m- ;g)-form /3 m , 9 on U m+q ~ l is defined as /3 m , q = (-l) m J Ag 
Then we define the cochain rj as the sum of following rft on U 2p ~ l ~ l for 
0 < l <p- 1: 

m '■= /W 

m-\-q=2p—l, p>m> 1 

Theorem 4.1 ([3] [8j). V ■— Vo + ■ ■ ■ + Vp-i i s a cocycle in [cr <p f2* oc (NG)] 
whose cohomology class is mapped to [/iH— • + p p \ in H 2p (NG , [F p f)* oc ]) by 
a boundary map f3 : H 2p ~\NG , [a <p Uf oc ]) ->■ H 2p (NG , [F p n* oc \). 

Proof. See j8]. 


□ 


5 Construction of a Lie algebra cocycle 

For any Lie group G , let C^ c (G p , M) denote the group of germs at (1, • • • , 1) 
of smooth functions G p —* M and iL^ c (G,M) denote the cohomology group 
of the following complex: 


A - = ' W P + 1 (' —1 Vr * 

• • • -► C,”(G»,R) ' '> G,~(G>' +1 ,K) -> • • • 

Brylinski constructed a natural cochain map 0 : C^ oc (G, M) —> C P {Q , M) 
as follows: 


0(c)(6,- ,Q ■= 

L " d s § n (/3)c( ex p(?/p(i)^(i)), • • • ,exp(y p(p) £ p(p) ))] w=0 

■ Jl ' ' ' yp p&6 p 

where C P (Q. M) is the space of smooth alternating multilinear maps Q —> M 
and £i G Q. For example, if we take Sc G O z “(G 2 ,R) and set X p ^ : = 

exp (y P (i)£ P (i)) then 


Q2 

0(hc)(6,6) = i di d s S n (p)( Sc )( X pM’ X pw)}yi=° 

fJl y2 pe& 2 
d 2 

= [Q Q s S n (p)(c(^p( 2 )) - c(X p (l)X p ( 2 )) + c(x p{1) )] yi=0 ) 

- 1 ^ 2 pee 2 

= [g^(-C ( A',W - tt ))], =0 = W(c)))( 6 ,e 2 ). 

Let Lf/ be the free loop space of a contractible open set U C 50(4) 
containing 1 and ev : LU x S 1 —> U be the evaluation map, i.e. for 7 G LU 
and 0 G 5 1 , ev( 7 ,0) is dehned as 7 ( 0 ). Then f gl ev* maps r/i G h2 1 (0 2 ) 
to a cochain in Q°(LU 2 ). This cochain defines a cohomology class in local 
cohomology group H 2 oc (LSO(4:), R). So as an application of Theorem 3.2, 
we can obtain a cocyclc in 4>{f s 1 ev*r]i) G 0 2 (Lso(4), R). 

Now we compute this cocycle. We define: 


a : = 




H 2 E 1 , 


3, 


b := 




flA 


2 , 


c := 



ev*r]i 
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then 0(71,72) = 0(71,72) + 6(71,72) for 71,72 G LU. Recall that 

/i,2(6o,6,6; 71(6,72(6) = 02(60,6,6; 71(6,72(6) 

6,1(60,6,6; 71(6,72(6) = (7i(0), cri(t 0 ,ti, 72(6*))) ■ 
In this case we can take: 


766 = exp(^^(6»)) 

0-1 (t 0 , tp exp (y 2 £ 2 {9))) := exp(ti1/26(6) 
<T 2 (t o ,t 1 ,t 2 ;exp(y 1 £ 1 (0)),exp(y 2 £ 2 (0))) := exp((l - 60)3/16 (0)) exp(t 2 y 2 &(9)) 

where 6 G Lso(4). By observing the coefficient of yiy 2 , we see 0(0(71,72)) = 

0. 

We define a map 0 71i72 : S 1 x A 1 —> SO (A) x £0(4) as follows: 

@71,12(9] t 0 , h) := (7i(0), <Ti(f 0 , tR 72(0)))- 
Then 6(71,72) = / 5 i xA i @* ul2 E 2 , 2 and up to 0(|?/i| 2 ) and 0(|y 2 | 2 ), 


<9071, 


72 


<90 


= 2/1 


96(6 . 96 ( 0 ) 


09 


, tlV2- 


09 


<9071, 


72 


Therefore 

r 0 2 


0yi0y 2 


6(71,72)1^=0 = 


-1 

1287b 2 


s § n ( T ) 


r€©4 


0ti 


796(6 

09 


= (0,2/26 (0))- 


6(6 


t(1)t(2) 


r(3)r(4) 


00 . 


Now we obtain the following theorem. 


Theorem 5.1. There exists a Tie algebra 2-cocycle a on Lso(4) which is 
expressed as follows: 


a(6,6) : = 


128 tt 2 


t€64 


( s s n ( r ) 


976 

00 


r (l)r(2) 


6(6t(3)t(4) 


96(0) 

00 


r(l)r(2) 


6(6t(3)t(4) )00 • 
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